→ Ω O ×Õ * sending tu to (ev(u), t) is a homomorphism of group schemes over Spec O.
Let ℓ be a prime invertible in k. Fix a character χ :F * /Õ * →Q * ℓ and a nontrivial additive character ψ : k →Q * ℓ . Write τ for the composition
The Bessel module is the vector space BM τ = {f : G(F )/G(O) →Q ℓ | f (rg) = τ (r)f (g) for r ∈ R(F ), f is of compact support modulo R(F )} Let χ c : F * /O * →Q * ℓ denote the restriction of χ. The Hecke algebra
h is of compact support modulo F * } acts on BM τ by convolutions. Then BM τ is a free module of rank one over H χc . In this paper we prove a geometric version of this result.
Remind that the affine grassmanian Gr G = G(F )/G(O) can be viewed as an ind-scheme over k. According to 'fonctions-faisceaux' philosophy, the space BM τ should have a geometric coutrepart. A natural candidate for that would be the category of ℓ-adic perverse sheaves on Gr G that change under the action of R(F ) by τ . However, the R(F )-orbits on Gr G are infinitedimensional, and this naive definition does not make sense.
The same difficulty appears when one tries to define Whittaker categories for any reductive group. In [3] Frenkel, Gaitsgory and Vilonen have overcomed this by replacing the corresponding local statement by its globalization, which admits a geometric counterpart leading to a definition of Whittaker categories with expected properties. We follow the strategy of loc.cit. replacing the above local statement by a global one, which we further geometrize. 0.2 Fix a smooth projective absolutely irreducible curve X over k. Let π :X → X be a twosheeted covering ramified at some effective divisor D π of X (we assumeX smooth over k). The vector bundle L = π * OX is equiped with a quadratic form s : Sym 2 L → O X . Write Ω for the canonical line bundle on X. Set M = L ⊕ (L * ⊗ Ω −1 ), it is equiped with a symplectic form
Let G be the group scheme (over X) of automorphisms of M preserving this symplectic form up to a multiple. Let P ⊂ G denote the Siegel parabolic subgroup preserving L, U ⊂ P its unipotent radical. Then U is equiped with a homomorphism of group schemes over X ev :
Let T be the functor sending a X-scheme S the group H 0 (X × X S, O * ). Then T is a group scheme over X, a subgroup of GL(L). Write α for the composition T ֒→ GL(L) det → G m . Set R = {p ∈ P | ev(pup −1 ) = ev(u) for all u ∈ U } Fix a section T ֒→R given by g → (g, α(g)(g * ) −1 ). Then R = T U ⊂R is a closed subgroup, and the map R ξ → Ω × T sending tu to (ev(u), t) is a homomorphism of group schemes over X.
Let F = k(X), A be the adele ring of F and O ⊂ A the entire adeles. Write F x for the completion of F at x ∈ X and O x ⊂ F x for its ring of integers. View elements of BM X,τ as functions on Y(k). Let χ c : F * x /O * x →Q * ℓ be the restriction of χ. As in 0.1, the Hecke algebra H χc of the pair (G(F x ), G(O x )) acts on BM X,τ by convolutions. The restriction under
We introduce an ind-algebraic stack Bess x π whose set of k-points coincides with Y(k). We define the Bessel category P L (Bess x π ), a categeory of perverse sheaves on Bess x π singled out by some equivariance property. This is a geometric version of BM X,τ .
Let Sph(Gr G ) denote the category of G(O x )-equivariant perverse sheaves on the affine grassmanian G(F x )/G(O x ). By [5] , this is a tensor category equivalent to the category of representations of the Langlands dual groupǦ → GSp 4 . The category Sph(Gr G ) acts on the derived category D(Bess To the difference with the case of Whittaker categories, the Bessel category P L (Bess x π ) is not semi-simple (cf. 2.12).
The explicit Casselman-Shalika formula for the Bessel models has been established in ( [2] , Corollary 1.8 and 1.9), where it is presented in the base of BM τ consisting of functions supported at a single R(F )-orbit on Gr G . Our Theorem 1 yields a geometric version of this formula. At the level of functions it yields another base {B λ } of BM τ (cf. 2.14). In this new base the Casselman-Shalika formula writes in a essentially uniform way for Bessel, Waldspurger and Whittaker models.
In Sect. 1 we propose a general framework that gives a uniform way to define Whittaker, Waldspurger and Bessel categories (the case of Waldpurger models was studied in [4] ).
Equivariant categories
1.1 Notation We keep the following notation from [4] . Let k denote an algebraically closed field of characteristic p ≥ 0. All the schemes (or stacks) we consider are defined over k. Let X be a smooth projective connected curve. Fix a prime ℓ = p. For a scheme (or stack) S write D(S) for the bounded derived category of ℓ-adicétale sheaves on S, and P(S) ⊂ D(S) for the category of perverse sheaves.
Write Ω for the canonical line bundle on X. For a group scheme G on X write F 0 G for the trivial G-torsor on X.
1.2.1 Let G ′ be a connected reductive group over k. Given a G ′ -torsor F G ′ on X let G be the group scheme (over X) of automorphisms of F G ′ . Write Bun G for the stack of G-bundles on X. Note that F G ′ can be viewed as a G-torsor as well as a G ′ -torsor on X. We identify Bun G ′ and Bun G via the isomorphism that sends a G ′ -torsor
Let R ⊂ G be a closed group subscheme over X. Fix a closed point x ∈ X. Write O x for the completed local ring of O X at x, and F x for its fraction field.
Denote by Y the stack classifying: a G-torsor
Let Bun R denote the stack of R-bundles on X, and Bun x R be the stack classifying a Rbundle F R on X together with a trivialization
R is a scheme then Y identifies with the stack quotient of Bun
Denote by Y loc the stack classifying: a G-torsor
. We are interested in the situations where Λ Y is descrete.
Let pr : X → Y be the projection forgetting F ′ R . Let act : X → Y be the map sending the above collection to (
This defines on X the structure of a groupoid over Y. The maps pr, act correspond to the projections from Y × Y loc Y to Y.
Let H be an abelian group scheme over X, and R → H be a homomorphism of group schemes over X. Assume that the stack Bun H of H-bundles on X is algebraic.
Assume given a rank one local system L on Bun H trivialized at the trivial H-torsor F 0 H . Assume that for the tensor product map m :
is the identity. Then L defines a character of the groupoid X . Namely, we have a map ev X : X → Bun H sending a point of X to F H , where F H is defined by the following gluing procedure. Let F ′ H denote the H-torsor (over X − x) of isomorphisms
In our examples Bun R will be algebraic and Y ind-algebraic. More precisely, Y will be written as an inductive limit of closed algebraic substacks Y i locally of finite type. In this case we have the derived category D(Y), which is an inductive 2-limit of D(Y i ). In particular, any K ∈ D(Y) is the extension by zero from some closed algebraic substack of Y. Similarly for the category P(Y) of perverse sheaves on Y.
We would like to define a category P L (Y) of (X , ev * X L)-equivariant perverse sheaves on Y. Naively, this should be the category of perverse sheaves K on Y equiped with an isomorphism
satisfying the usual associativity condition, and such that its restriction to unit section of X is the identity. However, this does not apply directly, because pr, act : X → Y are not locally of finite type. We remedy the difficulty under an additional assumption satisfied in our examples. Assume that R fits into an exact sequence of group schemes 1 → U → R → T → 1 over X, where U is a unipotent group scheme, and T is as follows. There is k ≥ 0 and a (ramified) Galois covering π :X → X, whereX is a smooth projective curve, such that for a X-scheme S we have
In this case Bun T is nothing but the stack of G k m -torsors onX. Given a coweight γ σ :
is the ind-scheme classifying: y ∈ π −1 (X − x) for which we set z = π(y) and assume π nonramified at y, a R-torsor
As above, we have an action map act :
is an ind-group scheme, it can be written as a direct limit of some group schemes U −m , m ≥ 0, such that U −m ֒→ U −m−1 is a closed subgroup, U 0 = U (O z ), and U −m /U 0 are smooth of finite type.
For this reason, for m > 0 there exist closed substacks X ′ γ,m ֒→ X ′ γ such that both maps pr, act : X ′ γ,m → Y are of finite type and smooth of the same relative dimension, and X ′ γ is a direct limit of the stacks X ′ γ,m . Let ev X ′ : X ′ γ → Bun H be the map sending the above point of X ′ to F H , where F H is the H-torsor on X obtained by the following gluing procedure. The H-torsor
initially defined over Spec O z is trivialized over Spec F z . We let F H be the gluing of the trivial
denote the category of perverse sheaves on Y equiped for each γ and m ≥ 0 with isomorphisms α γ,m : act
The restriction of α 0,m to the unit section of X ′ 0,m is the identity, and the usual associativity condition hold.
where we used p to define the fibred product, p Y forgets F ′ G , and q Y sends
. The action of the groupoid X ′ on Y lifts to an action on this diagram (in the sense of [4] , A.1). Namely, for each γ we have two diagrams, where the squares are cartesian
. This is a tensor category equivalent to the category of representations of the Langlands dual groupǦ ′ overQ ℓ ( [5] ). The projection q : x H G → Bun G can be written as a fibration
where Bun x G is the stack classifying a G-bundle F G on X with an isomorphism of G-torsors
It is normalized so that it is perverse for K perverse and
These functors are compatible with the tensor structure on Sph(Gr G ′ ,x ). Namely, we have canonically
where 
satisfying the same conditions as in Definition 1. We say that µ ∈ Λ Y is relevant if there exists a morphism ev µ : Y µ → Bun H making the following diagram commutative
here we used pr : X → Y to define the fibred product X × Y Y µ . If such ev µ exists, it is unique up to a tensoring by a fixed H-torsor on X. Write Λ + Y for the set of relevant µ ∈ Λ Y .
Write 0 ∈ Λ Y for the R(F x )-orbit on Gr G,x passing by 1. Then Y 0 is nothing but the stack Bun R of R-bundles on X. The homomorphism R → H yields a map ev 0 :
1.5 Let X (d) denote the d-th symmetric power of X, view it as the scheme of effective divisors of degree d on X. One can generalize the above construction as follows. Let
denote the stack defined in the same way as X ′ γ with the difference that now y ∈ π −1 (X − D). As above we have the maps pr, act :
is an inductive limit of algebraic stacks locally of finite type then one can similarly define the category P L (Y X (d) ). The examples of the above situation include Whittaker models, Waldspurger models for GL 2 , and Bessel models for GSp 4 (the latter is studied in Sect. 2).
Whittaker models
Let I denote the set of vertices of the Dynkin diagram, and {α i , i ∈ I} the simple roots corresponding to B ′ . Fix a B ′ -torsor F B ′ on X and a conductor for the induced T ′ -torsor F T ′ . That is, for each i ∈ I we fix an inclusion of coherent sheavesω i : Lα
The group scheme of automorphisms of
The set Λ Y identifies in this case with the group Hom(
for each dominant weightλ of G ′ , satisfying Plücker relations, and such that κλ is a subbundle over X − x. Here V λ is the Weil G-module corresponding toλ (cf. [3] , Sect. 2.
3).
The open substack Y λ ⊂ Y ≤λ is given by the condition that every κλ is a subbundle.
Assume that the base field k is of characteristic p > 0, fix a nontrivial additive character ψ :
The corresponding Whittaker category P L (Y) has been described by Frenkel, Gaitsgory and Vilonen in [3] .
Waldspurger models
The ground field k is of characteristic p = 2. Let π :X → X be a two-sheeted covering, whereX is a smooth projective curve. Set L π = π * OX and G ′ = GL 2 , so L π is a G ′ -torsor on X. Let G be the group scheme of automorphisms of L π . Let R be the group scheme over X such that for a X-scheme S we have R(S) = Hom(X × X S, G m ), so R is a closed group subscheme of G.
Set H = R. The stack Bun H classifies line bundles onX. Pick a rank one local systemẼ onX. Take L to be the automorphic local system on Bun H corresponding toẼ.
The corresponding Waldspurger category P L (Y) has been studied in [4] .
Bessel categories

2.1.1
The group G. From now on k is an algebraically closed field of characteristic p > 2.
We change the notation compared to Sect. 1. From now on G = GSp 4 , so G is the quotient of G m × Sp 4 by the diagonally embedded {±1}. We realize G as the subgroup of GL(k 4 ) preserving up to a scalar the bilinear form given by the matrix
where E 2 is the unit matrix of GL 2 . Let T be the maximal torus of G given by {(y 1 , . . . , y 4 ) | y i y 2+i does not depend on i}. Let Λ (resp.,Λ) denote the coweight (resp., weight) lattice of T . Letǫ i ∈Λ be the character that sends a point of T to y i . We have Λ = {(a 1 , . . . , a 4 ) ∈ Z 4 | a i + a 2+i does not depend on i} anď
Fix the Borel subgroup of G preserving the flag ke 1 ⊂ ke 1 ⊕ ke 2 of isotropic subspaces in the standard representation. The corresponding positive roots are
whereα 12 =ě 1 −ě 2 andβ ij =ě i −ě 2+j . The simple roots areα 12 andβ 22 . Write Vλ for the irreducible representation of G of highest weightλ.
Fix fundamental weightsω 1 = (1, 0, 0, 0) andω 2 = (1, 1, 0, 0) of G. So, Vω 1 is the standard representation of G. The orthogonal to the coroot lattice is Zω 0 withω 0 = (1, 0, 1, 0). The orthogonal to the root lattice is Zω with ω = (1, 1, 1, 1) .
Let P ⊂ G be the Siegel parabolic subgroup preserving the lagrangian subspace ke 1 ⊕ ke 2 ⊂ k 4 . Write U for the unipotent radical of P , set M = P/U . ByǦ (resp.,M ) is denoted the Langlands dual group overQ ℓ . Write V λ (resp., U λ ) for the irreducible representation ofǦ (resp., ofM ) with highest weight λ.
Let w 0 be the longest element of the Weil group of G. Write Λ + for the set of dominant coweights of G. Byρ is denoted the half sum of positive roots of G. The corresponding objects for M are denoted Λ
denote the open subscheme of divisors of the form x 1 + . . . + x d with x i pairwise distinct. Write Bun i for the stack of rank i vector bundles on X. Set
where the map rss
, and the map Bun 1 → Bun 1 takes a line bundle to its tensor square. It is understood that rss X (0) = Spec k and the point rss
Fix a character ψ : F p →Q * ℓ and write L ψ for the corresponding Artin-Shreier sheaf on A 1 .
Fix a k-point of RCov
d given by D π ∈ rss X (d) and π :X → X ramified exactly at D π . Let σ denote the nontrivial automorphism ofX over X, let E be the σ-anti-invariants in L π := π * OX. It is equiped with an isomorphism
Remind that L π is equiped with a symmetric form Sym
Write G π for the group scheme (over X) of the automorphisms of M π preserving this symplectic form up to a multiple. Write F π G for the G-torsor M π on X, so F π G is also a G π -torsor. Let P π ⊂ G π denote the Siegel parabolic subgroup preserving L π , U π ⊂ P π its unipotent radical. Then U π is equiped with a group homomorphism
Denote byR π ⊂ P π the subgroup stabilizing ev π , that is,
Let GL(L π ) denote the group scheme (over X) of automorphisms of the O X -module L π . Let T π denote the functor associating to a X-scheme V the group H 0 (X × X V, O * ). Then T π is a group scheme over X, a subgroup of GL(L π ).
Write Bun Tπ for the stack of T π -bundles on X, that is, for a scheme S the S-points of Bun Tπ is the category of (S × X) × X T π -torsors on S × X. Given a G m -torsor F on S ×X, its direct image under id ×π : S ×X → S × X is a (S × X) × X T π -torsor. In this way one identifies Bun Tπ with the Picard stack PicX.
Let α : T π → G m be the character by which
is the adjoint operator. Set R π = T π U π , so R π ⊂R π is a subgroup. Actually,R π /U π identifies with the group of those g ∈ GL(L π ) for which there existsα(g) ∈ G m such that the diagram commutes
We see that R π is the connected component ofR π given by the additional condition det g =α(g). Fix a k-point x ∈ X, write O x for the completed local ring of X at x and F x for its fraction field. WriteF x for theétale F x -algebra of regular functions onX × X Spec F x . If x ∈ D π thenF x is nonsplit otherwise it splits over F x . Denote byÕ x the ring of regular functions oñ
Write Gr Gπ,x for the affine grassmanian
. This is an ind-scheme over k that can be seen as the moduli scheme of pairs (F Gπ , β), where F Gπ is a G π -torsor over Spec O x and β : F Gπ → F 0 Gπ is an isomorphism over Spec F x . In concrete terms, Gr Gπ,x classifies pairs: • a freeF x -module B of rank one, then write L for B viewed as F x -module, it is equiped with the non degenerate form Sym 2 L → C, where Proposition 14) ;
• an inclusion L ֒→ M ⊗ Ox F x of F x -vector spaces, whose image is an isotropic subspace;
• an isomorphism Ω ⊗ A ⊗ F x → C of F x -vector spaces.
Lemma 1. The stack Bess x,loc π identifies with the stack quotient of Gr Gπ,x by R π (F x ).
Proof Given a point of Bess
x,loc π
, it defines a P π -torsor over Spec F x . Fix a splitting of the corresponding exact sequence 0 → Sym Proof Given a k-point of Bess
There is a unique a 1 ∈ Z such that the isomorphism over
given by some a 2 ≥ 0. Namely, if • a line bundle B on π −1 (X − x), for which we set L = π * B, it is a rank 2 vector bundle on X − x equiped with a symmetric form Sym
Here is the global version of Bess
• an inclusion L ֒→ M | X−x of O X−x -modules, whose image is an isotropic subbundle;
We will see that Bess x π is nothing but the stack classifying a G π -bundle on X equiped with a R π -structure over X − x. is given by fixing the subbundle L 2 ⊂ M generated by L such that
is regular and surjective ( [4] , Sect. 8.2). λ = (a 1 , a 2 ) ∈ Λ B . Given a point of Bess 
Let
is symmetric, so induces a non degenerate form Sym
where End 0 stands for the sheaf of traceless endomorphisms. This yields a subbundle
Further, the symmetric form on L yields a map
Define Bess x,≤λ π ⊂ Bess x π as the closed substack given by the condition that the following two maps, initially defined over X − x, are regular on X
(Ω ⊗ A ⊗ E)(−a 1 x) ֒→ W
Then Bess
is the open substack given by the property that both maps (4) and (5) are subbundles.
We get an order on Λ B given by λ = (a 1 , a 2 ) ≥ µ = (b 1 , b 2 ) if and only if
Then Bess Proof Consider the stack X 1 classifying: a G-bundle (M, A) on X, where M ∈ Bun 4 , A ∈ Bun 1 with symplectic form ∧ 2 M → A, for which we set W = Ker(∧ 2 M → A); two sections (4) and (5) such that (5) is a subbundle over X − x. This is an algebraic stack locally of finity type.
There is a closed substack X 2 ֒→ X 1 (given by Plücker relations) classifying the same objects together with an isotropic subbundle L ⊂ M | X−x and an identification over X − x of (5) with the inclusion ∧ 2 L ֒→ W .
A point of X 2 gives rise to a subbundle A ⊗ Sym 2 L ֒→ ∧ 2 W | X−x . There is a closed substack X 3 ⊂ X 2 given by the condition that (4) over X − x factors through A ⊗ Sym 2 L. Given a point of X 3 one gets a map Sym 
where L 2 is a rank 2 vector bundle on X, B is a line bundle on π −1 (X − x), and an exact sequence 0 → Sym
We have a natural locally closed immersion Bess 
Set
Denote by Bun Rπ the stack classifying R π -bundles on X. By definition, it associates to a scheme S the groupoid of (S × X) × X R π -bundles on S × X. Then Bun Rπ classifies collections: a line bundle B ex onX, for which we set L ex = π * B ex , and an exact sequence of
For a point of Bun Rπ , the vector bundle L ex is equiped with a symmetric form
as above. This yields a map ev 0 : Bun Rπ → A 1 × PicX sending a point of Bun Rπ to the pair (the class of the push-forward of (6) by (7), B ex ∈ PicX). 
The stack Bess
x,λ π with λ = (a 1 , a 2 ) classifies collections: a line bundle B ex onX, for which we set L ex = π * B ex , a modification L 2 ⊂ L ex of rank 2 vector bundles on X such that the composition is surjective Sym For λ ∈ Λ + B let B λ be the Goresky-MacPherson extension of
under Bess Denote by π 1 (B) the quotient of π 1 (G) by the subgroup generated by the image of ω. So, π 1 (B) → Z/2Z. One should be cautioned that for µ, µ ′ ∈ Λ + B the condition µ ≤ µ ′ does not imply that µ − µ ′ vanishes in π 1 (B). 
2) For ω = (1, 1, 1, 1 ) ∈ Λ + and µ ∈ Λ + B we have canonically
For µ ∈ Λ B we denote by S µ Rπ ⊂ Gr Gπ,x the R π (F x )-orbit on Gr Gπ,x corresponding to µ.
As in [3] and ( [4] , Proposition 17), the following is a key point of our proof of Theorem 1.
is empty unless µ ≤ i(λ) in the sense of the order on Λ
is of dimension ≤ λ,ρ − µ,ρ . The equality holds if and only if there exists λ ′ ∈ Λ + , λ ′ ≤ λ such that µ = i(λ ′ ), and in this case the irreducible components of (10) of maximal dimension form a base of
If µ = i(λ) then (10) is a point scheme.
Remark 3. Consider the scheme (10) in the case λ, λ ′ ∈ Λ + with λ ′ < λ and µ = i(λ ′ ). Our proof of Proposition 1 will also show that for such λ and µ in the nonsplit case all the irreducible components of (10) are of the same dimension. In the split case (10) may have irreducible components of different dimensions (for example, this happens for λ = (a, a, 0, 0) ∈ Λ + and µ = 0).
2.10 For a P -torsor F P over Spec O x let F G = F P × P G. For a coweight ν ∈ Λ + M denote by S ν P (F P ) the ind-scheme classifying pairs (F ′ P , β), where F ′ P is a P -torsor on Spec O x and
is an isomorphism such that the pair (
Here F M and F ′ M are the M -torsors induced from F P and F ′ P respectively. For λ ∈ Λ + denote by Proposition 2. All the irreducible components of any fibre of t ν P are of dimension ν + λ,ρ − ν, 2ρ M . These components form a base of (11) is an isomorphism.
Proof of Proposition 1
Write
1) (the nonsplit case).
Step 1. Acting by R π (F x ), we may assume that (M, A) has the following standard form
It also implies that
The inclusion (13) fits into a commutative diagram
Further, the inclusion (14) shows that (
Step 2.
is a dominant coweight for M that we are going to determine.
2 , a is odd Now (10) identifies with the fibre of (11) 
By Remark 2, for a even there exists a unique λ ′ ∈ Λ + with λ ′ ≤ λ such that µ = i(λ ′ ). In this case the above formulas imply ν = w M 0 w 0 (λ ′ ). If µ = i(λ) then a = λ,ω 0 −β 22 is even, becauseω 0 −β 22 is divisible by 2 inΛ. For µ = i(λ) we get ν = w M 0 w 0 (λ). Let us show that µ,ρ + ν,ρ − 2ρ M ≤ 0. Indeed, since 2ω 1 −ω 2 =α 12 , we get ν,α 12 = a 2 , a is even a 2 + 1, a is odd and ν,α 12 +β 22 = −a 1 . We haveρ − 2ρ M =α 12 + 
a is even
The desired inequality follows now from (12), and it is an equality if and only if a is even, that is, i(λ) − µ vanishes in π 1 (B). Our assertion follows now from Proposition 2.
2) (the split case).
and
Here {e i } is a base ofÕ x over O x consisting of isotropic vectors ( [4] , Sect. 8.1). Any k-point of S 0 Rπ is given by a collection (
As in the nonsplit case, the inclusion
for i = 1, 2. This implies λ, 2ω 1 −ω 0 ≥ a 1 +a 2 . As in the nonsplit case, (
Step 2. Let us determine
As in the nonsplit case, ν − λ,ω 0 = 0 and (
In particular, for µ = i(λ) we get from (15) and (16)
But 2(α 12 −ω 1 +ω 0 ) =ω 0 −β 22 , so in this case b i = λ,α 12 −ω 1 +ω 0 for i = 1, 2. It easily follows that for µ = i(λ) we get ν = w M 0 w 0 (λ).
As in the nonsplit case, it remains to show that µ,ρ + ν,ρ − 2ρ M ≤ 0. We have ν,α 12 + β 22 = −a 1 and ν,α 12 = 2 max{b i } − λ,ω 0 + a 1 . So,
The desired inequality follows now from (12), because max{b i } ≥ If b 1 = b 2 then, as in the nonsplit case, we get ν,α 12 = a 2 , so that ν = w M 0 w 0 (λ ′ ) for λ ′ ∈ Λ + such that λ ′ ≤ λ and i(λ ′ ) = µ.
Remark 4. WriteB ⊂Ǧ for the dual Borel subgroup inǦ. The set of double-cosetsM \Ǧ/B is finite, that is,M ⊂Ǧ is a Gelfand pair. So, for any character ν ∈ Λ with ν,α 12 = 0 and any λ ∈ Λ + the space HomM (U ν , V λ ) is at most 1-dimensional ( [7] , Theorem 1). This implies that for λ ′ , λ ∈ Λ + with λ ′ ≤ λ and λ ′ ,α 12 = 0 for µ = i(λ ′ ) the scheme (10) is irreducible.
for i = 0, 1, 2, and for i = 0 this is an isomorphism.
Write
where τ x is the natural mapF * x →F * x /Õ * x → PicX. It is easy to see that for µ ∈ Λ + B there exists a (R π (F x ), χ π,x )-equivariant map χ µ : S µ Rπ → A 1 × PicX, and such map is unique up to an additive constant (with respect to the structure of an abelian group on A 1 × PicX).
We need the following analog of ([3], 7.1.7).
maps each irreducible component of (10) of dimension λ,ρ − µ,ρ dominantly to A 1 .
Proof We may assume that (F G ,β) is given by the pair (M, A) in its standard form as in the proof of Proposition 1, in particular, it has a M -structure. Write µ = (a 1 , a 2 ). Set ν = w M 0 w 0 (λ ′ ). Let z ∈ G m act on L π as a multiplication by z and trivially on Ω −1 . The corresponding action of
Gπ,x fixes (F G ,β) and preserves the scheme (10).
The dimension estimates in Proposition 1 also show that the irreducible components of dimension λ,ρ − µ,ρ of the schemes Gr
Rπ are the same. We are going to describe the latter scheme explicitely.
1) (the split case)
We have M = L 2 ⊕L * 2 ⊗A with L 2 = O x t a 2 e 1 ⊕O x (e 1 +e 2 ) and A = Ω −1 ((a 1 −a 2 )x)⊗O x , where {e i } is a base ofÕ x over O x consisting of isotropic vectors, and t ∈ O x is a local parameter. Let
, where π −1 (x) = {x 1 ,x 2 }. Under our assumptions the scheme (9) identifies with the fibre, say Y , of
over (L ′ 2 , A ′ ). In matrix terms, Y is the scheme of those u ∈ Gr U,x for which gu ∈ Gr λ G,x . Here
with u i ∈ Ω(F x )/Ω(O x ). By Remark 5, Y inside of Gr U,x is given by the equations
where we have set for brevity δ = −2b + a 2 + λ, w 0 (ω 2 ) and α = −b + a 2 + λ, w 0 (ω 1 ) . We may assume that (17) sends (19) to Res u 2 . Let Y ′ ⊂ Y be the closed subscheme given by u 2 = 0. The above O * x -action on Y multiplies each u i in (19) by the same scalar. So, it sufiices to show that dim Y ′ < λ,ρ − µ,ρ .
The scheme Y ′ is contained in the scheme of pairs
The dimension of the latter scheme is at most −δ. We have −δ ≤ λ,ρ − µ,ρ , and the equality holds iff α = 0. But if α = 0 then Y ′ is a point scheme. Since λ,ρ − µ,ρ is strictly positive, we are done.
2) (the nonsplit case)
2 O x and A ′ = Ω −1 (−ax) ⊗ O x with a = λ,ω 0 − a 1 + a 2 , remind that a is even. The scheme (9) identifies with the fibre, say Y , of (18) 
Then in matrix terms, Y becomes the scheme of those u ∈ Gr U,x for which gu ∈ Gr λ G,x . Here g = t a 2 diag(1, t −a 2 , t a 1 −a 2 , t a 1 ). For u ∈ Gr U,x written as (19), the scheme Y is given by the equations
where we have set α = a 2 − a 2 + λ, w 0 (ω 1 ) and δ = a 2 − a + λ, w 0 (ω 2 ) . We may assume that (17) sends (19) to Res(u 1 − tu 3 ). Let Y ′ ⊂ Y be the closed subscheme given by u 1 = tu 3 . Since we have an action of O * x , it suffices to show that dim Y ′ < λ,ρ − µ,ρ . The scheme Y ′ is contained in the scheme
The latter scheme is included into Y ′′ given by
As in the split case, −δ ≤ λ,ρ − µ,ρ and the equality implies α = 0. But for α = 0 we get Y ′ → Spec k. This concludes the proof.
Proof of Theorem 1
2) Let q ω : Bess x π → Bess x π denote the isomorphism sending a point (M, A) ∈ Bun G with R π -structure outside x to (M(x), A(2x)) ∈ Bun G with the same R π -structure outside x. It preserves the stratification of Bess 
whereq ω sends B ex to B ex (2x) (resp., to B ex (x 1 +x 2 )) in the nonsplit (resp., split) case. Our assertion follows from the automorphic property of AẼ. π . By 1.3, we know that K µ is weakly (X ′ , ev * X ′ L)-equivariant. By Lemma 4, K µ = 0 unless µ is relevant. Since B 0 is self-dual (up to replacingẼ byẼ * and ψ by ψ −1 ), our assertion is reduced to the following lemma.
Lemma 6. We have K µ = 0 unless µ ≤ i(λ). The complex K µ lives in non positive (resp., strictly negative) perverse degrees for µ = i(λ) (resp., for µ < i(λ)). We have canonically 
Geometric Casselman-Shalika formula
Remind that we write V µ for the irreducible representation ofǦ of highest weight µ. Let E be aǦ-local system on X equiped with an isomorphism
the nonsplit case, π(x) = x Ex 1 ⊗Ẽx 2 , the split case, π −1 (x) = {x 1 , x 2 }
We assign to E the ind-object K E of P L (Bess 
whereν ∈Λ is that of Theorem 1. For a representation V ofǦ write A V for the object of Sph(Gr G,x ) corresponding to V via the Satake equivalence Rep(Ǧ) → Sph(Gr G,x ). One formally derives from Theorem 1 the following.
Corolary 1. For any V ∈ Rep(Ǧ) there is an isomorphism α V : H(A V , K E ) → K E ⊗ V E . For V, V ′ ∈ Rep(Ǧ) the diagram commutes
where η is the isomorphism (2).
2.14 One may view Gr Gπ,x as the ind-scheme classifying a G π -bundle F Gπ on X together with a trivialization F Gπ → F 0 Gπ | X−x . This yields a map Gr Gπ,x → Bess Theorem 1 holds also in the case of a finite base field k = F q . In this case we have the Bessel module BM τ introduced in 0.1, which we now view as the space of functions on G π (F x )/G π (O x ) that change by τ under the action of R π (F x ). Let B λ denote the restriction under
of the trace of Frobenius function of B λ . Then {B λ , λ ∈ Λ + B } is a base of BM τ . From Theorem 1 it follows that BM τ is a free module of rank one over the Hecke algebra H χc .
